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Abstract. A new fermionic extension of the kdv hierarchy was recently found by Becker and
Becker in retation to two-dimensional quantam supergravity, and it was shown that the hierarchy
possesses a supersymmetry which has been exploited to prove the integrability of the hierarchy
by Figueroa-O'Farrilt and Stanciu. Here, a larger group of fermionic symmetries of the new
hierarchy is demonstrated and the bi-Hamiltonian structure is expressed in terms of odd Poisson
brackets which are related to the antibracket of the Batalin-Vilkovisky formalism.

1. Introduction

One of the more surprising revelations about two-dimensional quantum gravity which has
arisen with the advent of matrix models is the relation-to the Kdv hierarchy of nonlinear
partial differential equations. In the quest to identify the corresponding structure underlying
two-dimensional quanturn supergravity [1], a new fermionic extension of the KdVv hierarchy
was recently revealed by Becker and Becker [2]. The hierarchy was identified as being
supersymmeiric, and has been analysed further by Figueroa-O’Farrill and Stanciu [3] by
drawing on the supersymmetry. In this paper, we point out that the hierarchy has a larger
fermionic symmetry than supersymmetry, and that its Hamiltonian structure resembles the
antibracket in the Batalin—Vilkovisky [4] approach to theories with gauge invariance.

2. The hierarchy of Becker and Becker

The kdv hierarchy of nonlinear partial differential equations takes the form

]

2 =DRur 2320 o

dz,
where & = u(x = 5,4,8,...), D = 38/3x and the Gelfand-Dikii polynomials R, (x)
are defined by the recursion relation DR+ (x) = (D? + 4u(x)D + 2(Du(x)))R,(x) with
Ro(x) = 3. Defining the differential operator Oy, (x) by

Ry (x) = Opg1(x) - Su(x) @

for arbitrary infinitesimal variations du of u, the fermionic extension of the Kdv hierarchy
considered in [2] involves a Grassmann-odd function t(x, #, #2,...) satisfying the flow
equations

ar

a; = n+l* Dr n > b. (3)
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It was pointed out in [2] that the hierarchy of equations (1) and (3) is invariant under the
supersymmetry transformations dsu = €Dt, 857 = cu (with € a Grassmann parameter). By
use of techniques adapted from the analysis of other supersymmetric extensions of the gkdv
hierarchy, this new fermionic extension of the xdv hierarchy was shown to be integrable
in [3].

In fact, the hierarchy (1), (3) possesses the much larger symmetry

Su=0 St=c¢u du = EDt §r=0

where ¢ and € are independent Grassmann parameters. The supersymmetry is the special
case € = €. -

To verify the symmetry of the hierarchy under the transformation 8, it is necessary to
check that u + du and 7 + 87 fulfil the equations of the hierarchy (1), (3) if © and = do.
This follows trivially using Ops1(x) - Du(x) = DR,y (x) from (2).

The symmetry of the hierarchy under the transformations § is less trivial, and follows
from (50,11 (x)) Dz (x) = 0. This can be proved by noting 5183 Ry 11(x) = —&3(510,11(x))-
Dz(x). The left-hand side of this expression vanishes, since it is of the form

. 9% Rp11(x) I+1 JH
€2€!§§; WO T

(where u® = Diy), and the partial derivative is symmetric under i — j while
(D17 (D/H17) is antisymmetric.

As already noted, supersymmetry is equivalent to symmetry under the transformation
& + & in the case ¢ = & This also forces a restriction on the scaling dimension of 7.
The equations (1), (3) are invariant under the rescalings 8/8t, — A®*t13/8t,, u — A%u,
while there is no restriction on the scaling properties of = as the equations are linear in 7.
Symmetry of the equations with respect to the transformations § and & require that e and
€ scale as A%2¢ and A'7%€ if T scales as A®T. If the hierarchies of equations are required
to be supersymmetric, then ¢ = €, so that o = % and there is a restriction on the scaling
dimension of r. In terms of the application of this hierarchy to two-dimensional quantum
supergravity [2], = has a scaling dimension & = 0, since ¥%3%In Zs = u — 2zD?%z, where
Zs is the partition function. This suggests that for applications of the hierarchy (1), (3) to
quantum supergravity, the supersymmetry is not a natural symmetry.

In the rest of the paper, the bi-Hamiltonian structure for the new fermionic hierarchy
expressed in [3] in terms of a supersymmetric construction will be cast in the form of an
odd Poisson bracket structure reminiscent of that found in the antifield formalism of Batalin
and Vilkovisky. This removes the emphasis placed on the supersymmetry in the analysis of
the hierarchy in [3], and may be a more appropriate setting in which to interpret the much
larger symmetry of the hierarchy.

3. Odd Poisson brackets in a finite-dimensional setting

Before dealing with the new fermionic hierarchy, we review in this section the odd Poisson
bracket which can be defined on the cotangent bundlie to a finite-dimensional manifold with
symplectic structure [5], and which is related to the setting for the geometrical interpretation
of the antibracket formalism in gauge theories [6].
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If M is an even-dimensional manifold with symplectic structure w(x) = w;;(x) dxi Adx/,
then this determines a Poxssc.n bracket defined by

d
{f(x), g(x)}pB_Z: f(> ,,() g()

@

where f and g are functions on M. In particular, for the coordinate functions, {x’, x/}pp =

@ (x).
Introducing fermionic (or Grassmann—odd) coordinates ; in addmon to the x (where the
8; correspond to tangent vectors 8/3x to M in a geometric interpretation of the antibracket
[6]), the odd Poisson bracket {, }ap (analogue of the antibracket) is defined byt

{x',x7}ag =0 {x',6;}ap = 5’.- {6, 6 }AB 0.

In terms of coordinates & = Z cu” (x)6; [5], this becomes

. . y VP p5t
Woallap=0 (.60 =000 =6, x/ls (6.0}ap=). ‘;xf‘) 6%,
k

G)
(Note: it is necessary to use the closure of @, 0 = dw;;/3x* + (cyclic pei"ﬁlutations), to

show the last of these.)
Given an ordinary Hamiltonian flow (i.e. one determined by the even Poisson bracket

{, len) _ _
ax! /ot = {x*, H(x)lps = Y _ 0™ (x)3H(x)/3z* (6)
3 :
for some Hamiltonian H (x), then it is possible to form a natural extension to a flow for the

coordinates #'. Replacing x° in (6) by X! = x' + £6° (with £ a Grassmann parameter) and
taking the coefficients of 1 and & gives the system of equations

ax! o 3H(x)
3 = €9
P
0~ 2 OHE) | PHE)
B ol axk 3x*ax!

It is readily verified that this system of equations can be put in Hamiltonian form with
respect to the odd Poisson bracket as [5]

ox' /ot = (x', H(x)}as
36' a1 = {6, H(x)}an

where H (x) = T:(3 H(x)/3x¥)6* is the coefficient of £ in the expansion of H(X). Note that
H(x) is of necessity Grassmann-odd since the odd Poisson bracket changes the Grassmann
grading of functions.

1 The precise definition is

_y(®fhs _&fs
{7, glas —Zkz(axk a6, 99, Axk )

where 3. and 3z denote left and right derivatives respectively, and f and g denote functions of the x¥ and &
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4. The Hamiltonian structure of the new fermionic hierarchy

In this section, it will be shown that the bi-Hamiltonian structure for the hierarchy (1}, (3)
demonstrated in [3] (from which integrability follows) can be obtained by an extension of
the above formalism to the infinite-dimensional case. This avoids the emphasis placed on
the supersymmetry in [3], which is not well adapted to applications to quantum supergravity.

We begin with the purely boseonic Kdv hierarchy (1), which can be expressed in the
bi-Hamiitonian form

Bu(x)/0ty = {u(x), Hyr1}om1 = {u(x), Hulepa (M)
with H, = (4n +2)~! [ dx R,.1(x) and the Poisson brackets

{u(x), u(x")lpp = D8(x, x) ®
{u(x), u(x))ppz = (D° + 4u(x)D + 2(Du(x))s(x, £'). )

The integrability of the Kdv hierarchy is a consequence of the existence of this bi-
Hamiltonian structure. For functionals F[x] and Gu] of u (i.e. Flu] = f dx f(x) where
F(x) is a polynomial in u{x) and its derivatives, and similarly for G[u]),
§Gu]

8 Flu] r
3u(x) {u(x), uix )]PBW-

wm&mm=fmfw

Comparing with (4), we see that in the infinite-dimensional case, the analogue of the
index i is x, the analogue of x’ is u(x), and the analogue of w'/(x) = {x%, x/)py is
{u(x), w(x")}pa. So, introducing a Grassmann-odd function Dz(x) to correspond to &%, the
infinite-dimensional analogue of the odd Poisson bracket (5) is

{u(x), u(x)}ag =0
fu(x), Dr(x)}ap = {u(x), u(x))ps = {Dr(x), u(x")}ap

3{u(x}, u(x}en

520" Dz (x™).

{Dr(x), Dr(<)az = f dx”

There will be two such odd Poisson brackets, one for each of the Poisson brackets (8) and
(9). They take the form

{ue(x), u(x)}am1 =0
{te(x), DT(x)}ap1 = D8(x, x) = (D7 (x), u(x ) }am: (10)
{Dz(x), D (x)}am =0
and
{u(x), u(x")}ag2 =0
{u(x}, Dr(x'}}ap2 = (D + 4u(x)D + 2(Du(x)))8(x, x")
{Dz(x), u(x)}apz = O +4u(x)D + 2(Du(x)))8(x, x)
{Dr(x), DT (x")}ap2 = D7 (x)D + 2(D*7 ()8 (x, x).

(11)
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In [3], the vital observation was made that the hierarchy (1), (3) can be expressed by
introducing a ‘superfield’ U/ = u + £Dt (with & a Grassmann parameter) and taking the
coefficients of ! and & respectively in

U /98, = DR,y (U).

Denoting by H, the coefficient of £ in the expansion of H,(U) = (4n+2)71 S dx R (U,
analogy with the finite-dimensional case would suggest that the new fermionic hierarchy
can be expressed in bi-Hamiltonian form with respect to the odd Poisson bracket as

duix)

5 = (), Hupdass = (), Habame (12)
aD ~ i -
%) — (D), Hrstham = (D7), Brlasn (13)

This is verified explicitly in the appendix. In fact, this is the bi-Hamiltonian structure for
the new fermionic hierarchy obtained in [3} (where it is written implicitly in superfield form
and not in terms of Poisson brackets).

5. Conclusion

In this paper, we have shown that the new fermionic hierarchy of integrable equations (1),
(3) found by Becker and Becker [2] in relation to two-dimensional quantum supergravity has
a much larger symmetry than the supersymmetry used in {3] to analyse its integrability. It is
“also shown that the bi-Hamiltonian structure is related to an infinite-dimensional analogue
of the odd Hamiltonian structure of [5], which is in turn refated to the Batalin—Vilkovisky
antibracket used for the analysis of theories with gauge invariances. It would be of interest
to try and relate the odd Poisson bracket to the larger group of fermionic symmetries of the
new fermiopic hierarchy.

Appendix

Here, we verify explicitly that the Hamiltonian system (12), (13) is equivalent to the new
fermionic hierarchy (1), (3}). Some preliminary results are required.
The first is o

[0 sy =+ [ roR) o

for an arbitrary function f(x) (or equivalently, Opq1(x}* - I = (4n 4 2}R,(x), where
* denotes the adjoint operator). This follows from consideration of 8 [ dx R,;;(x) with
du(x) = f(x). The left-hand side of (14) arises using (2), while the right-hand side is the
usual result R, (x)/8u(x) = {(4n +2)R,(x) for the variational derivative of the Gelfand--
Dikii polynomials [7] (note that the normalization of the Gelfand-Dikii polynomials used
here differs from that in [7]).

The second is that

0,(x)" = Os(x). 15)
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This follows from the equation (8,82 — 8:61) f dx R,(x) = 0 for arbitrary infinitesimal
variations 8 and d,u of «, with the use of (2) and (14).

Fmally, an expression for H, is required. From the definition ¥, -+ & H, = (4n +
2)~1 [ dx Ryq1 (e (x)+ED(x)), it follows that H, = (4n+2)"! { dx’ 0,41 (x") - Dz (x"), or
after application of (14),

= f dx’ (DT (xR, (x"). (16)
We are now in a position to verify (12). Using (16),

{(x), Hretdap = fdx’ {w(x), DT (x")}ap1 R (x).
Substitution of (11) yields

{4(x), Hps1}am = DRty (x)
which is equivalent to du(x)/dt, by (1).
Similarly, using (16) and (2),

Dz (x), Hnr1}amt = f dx’ (Op1 (x') - {DT(x}, u(x)}ap1)DT{x).

Substitution of (11) and use of (15) shows that the right-hand side is equal to DOy, 4 (x} -
Dr{x}, which is the required result Dz /3%, by (3).
Moving to the second odd Poisson structure,

(), Brlazs = f 8 (%), DE(x Y apaRa (X

= (D? + 4u(x)D + 2(Du(x)}) Ry (x)
(using {12)), which is equal to DR,1(x) via the recursion relation satisfied by the Gelfand—

Dikii polynomials.
The case [Dz(x), A, }age is slightly more complicated. Using (16},

(Dr(x), Hy)aze = f ¥’ D (x), DT () Jap2 Ra()

+ [ & 0,6 D), 1N Dex).
Applying (12) and (15), the right-hand side is equivalent to
(4D@T(ND +2(D* 2 (1)) Ra(x) + (O + 41(x)D + 2(Du(x))) 04 (x) - DT (x).

By taking the coefficient of £ in the recursion relation DR, (U) = (D?® + 4UD +
2MUNRUY with U = » + £Drz, this is seen to be equivalent to. DO, {x) - Dz{x),
which is Dt (x}/3t, by (3).
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